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Abstract 

This paper investigates a connection between the ordering <i* among 
;^ ■ theories in model theory and the (N)SOP„ hierarchy of Shelah. It in- 

^ troduces two properties which are natural extensions of this hierarchy, 

called SOP2 and SOPi, and gives a connection between SOPi and the 
maximality in the <*-ordering. Together with the known results about 
the connection between the (N)SOP„ hierarchy and the existence of 
universal models in the absence of GCH, the paper provides a step 
toward the classification of unstable theories without the strict order 
property. Q 



^ This publication is numbered 692 in the list of publications of Saharon Shelah. The 
authors thank the United-States Israel Binational Science Foundation for their support 



Introduction 

The purpose of this paper is to investigate a question raised in S.Shelah's 
paper [ph 500|| , which asks which first order theories are maximal in the 



<*-ordering, and the connection of this question with the NSOP hierarchy 
introduced in that paper. The exact definitions of these notions are to be 
given below, but for the moment let us just say that that the purpose of 
both is to measure relative "complicatedness" of one theory versus another, 
and our question is how these two measures compare. Our results show 
that in both of these orders, the theory of a dense linear order, is strictly 
above the theory of infinitely many independent equivalence relations. The 
significance of this particular theory is that it is the prototype of a theory 
which is not simple, but it is just a bit more complicated: it is NSOP3. 
This shows that non-simple theories are not necessarily <*-maximal. The 
hierarchy of (N)SOP„ for n > 3 was defined by S.Shelah in |[Sh 500|| , as 
an attempt to classify the unstable theories without strict order property 
into countably many classes, "increasing in difficulty" to the theory of a 
dense linear order. From the definitions in that paper, it is not obvious how 
one might extend this hierarchy on the lower side of it, to define properties 
which would take place of SOP2 and SOPi for example. This paper gives a 
definition of two properties which do exactly that. Together with the results 
on the existence of universal models, in |ph 500|| and elsewhere, this paper 
gives evidence that the ideas of the (N)SOP„ hierarchy might be at least 
a good approximation to what is needed in the desired classification. This 
paper extends the (N)SOPri, hierarchy by considering further properties close 
to the lower end of the hierarchy. The order <* is related to the Keisler 
ordering of theories, but here we do not concentrate on that connection. 
Further results in the direction investigated by this paper will be presented 
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in a future paper by S. Shelah and A. Usvyatsov. 

The paper is organised as follows. In the first section we investigate the 
theory T^ considered in S. Shelah's ||Sh 457|| . This is simply the model com- 



pletion of the theory of infinitely many parametrised equivalence relations. 
We show that under a partial GCH assumption, this theory is not maximal 
with respect to <^, as it is strictly below the theory of a dense linear order. 
The order <^ is defined in the first section, and a reference to it was made 



in the previous paragraph. It was shown in S. Shelah's [^h 50CI|| that the 
theory of an infinite dense linear order is <^-maximal for any A > Kq. The 
theory Tf*q is a typical example of a theory with the tree order property (i.e. 
not simple), but without the strict order property, and it satisfies NSOP3. 
In the second section of the paper, we extend Shelah's NSOP^ hierarchy by 
introducing two further properties, which we call SOPi and SOP2, and we 
show that their names are justified by their position in the hierarchy. Namely 
SOP3 =^ SOP2 =^ SOPi. Furthermore, SOPi theories are not simple. 
We also show that Tf*q is NSOPi. The last section of the paper contains 
the main result, which provides a strong connection (unfortunately not a 
characterisation) of the <* order with the (N)SOPn hierarchy. 
The following conventions will be used in the paper. 

Convention 0.1 Unless specified otherwise, a "theory" stands for a first 
order complete theory. An unattributed T stands for a theory. We use 
riT) to denote the vocabulary of a theory T, and C{T) to denote the set of 
formulae of T. 

By C = (tx we denote a K-saturated model of T, for a large enough 
regular cardinal k and we assume that any models of T which we mention, 
are elementary submodels of C 

A, /i, K stand for infinite cardinals. 

1 On the order <^ 

Definition 1.1 (1) For (first order complete) theories To and T we say that 
(f = (v5_r(x/j) : R a predicate of t(To) or a function symbol of t(To) or =), 



(where we have x^ = (xq, . . ■Xn{R)-i)), interprets Tq in T, or that ip is an 
interpretation o/Tq in T, or that 

T h "(^ is a model of Tq" , 

if each ^b{xr) E ^(T), and for any M \= T, the model M''^' described below 
is a model of Tq. Here, A^ = M^^^ is a t(T) model, whose set of elements 
is {a : M |= <^=(a,a)} (so iVfl^l C M) and /^^ = {a : M ^ <^i?[«]} for 
a predicate i? of Tq, and similarly for function symbols of r(To). To be 
precise, for a function symbol / of t{Tq) we have that A^ |= "/(^) = b" iff 
M \= ipf{a,b), while 

M 1= 'Vj(a, 6) = iff {a, c) ^ b = c" 

for all a,b,c. 

(2) We say that the interpretation (^ is trivial if ^r{xr) = R{xr) for all 

i? G r(ro), so Ml^l = M f r(To), for any model M of T. 

(The last clause in Definition |n|(l) shows that we can in fact restrict 
ourselves to vocabularies without function or constant symbols.) 

We use the notion of interpretations to define a certain relation among 
theories. A close variant of this relation was considered by S. Shelah in 
Sh 5001, section 52. 



Note 1.2 The present definition is implied by the one from |ph 500|| , and in 



particular, all results we prove apply also to the order from ||Sh 500|| . 



Definition 1.3 For (complete first order) theories Tq,Ti we define: 

(1) A triple (T,ipo,ipi) is called a (Tq, Ti)- superior iS T is a theory and i^i 

is an interpretation of Ti in T, for / < 2. 

(2) For a cardinal k, a (To,Ti)-superior (T, (^0)<^i) is called K-relevant iff 

\T\ < K. 

(3) For regular cardinals A, fi we say To<^^^Ti if there is a min(/i, A)-relevant 

(To, Ti)-superior triple (T, (^o, <^i) such that in every model M of T in 
which Mt"^^! is /i-saturated, the model Mt"^"' is A-saturated. If this 
happens, we call the triple a witness for Tq <\^^ Ti. 



(4) We say that Tq <l^^ Ti over 6 ii 9 < \, 6 < fi and Tq <\^^ Ti as witnessed 

by a (T,ipQ,ipi) with \T\ < 9. 

(5) If A = /i, we write <^ in place of <^^^. 

Although in this paper we do not consider the following relations in their 
own right, it is natural to define: 

Definition 1.4 (1) Relations <*^ and <*^ are the local versions of <^ and 
<*^ respectively, where by a local version we mean that in the definition 
of the relations, only types of the form 

pC {±^(x,a) : ae^^^y^M} 

for some fixed 'i9(x, y) are considered. 

(2) We say Tq <l^ Ti iff Tq <l Ti but -(Ti <l Tq). 

Observation 1.5 (0) IfTo<^ Ti and/ < 2, then there is a witness (T, (/9°, (/9^) 
such that (/?' is trivial, hence Ti C T. 

(1) <\ is a partial order among theories (note that T <\T for every complete 
T of size < A, and that the strict inequality is written as Ti <*^ , T2). 

(2) If To <X^ Ti over 9 and Ti <* ,, T2 over 9, then Tq <^_^ T2 over 9. 

[Why? (0) Trivial. 

(1) Suppose that Ti <*^ T^+i for / < 2 over 9, as exemplified by (T*, (/9o, v^i) 
and (T**,-?/)!, -^2) respectively. Without loss of generality, v^i is trivial (apply 
part (0)), so as T* is complete we have Ti C T*. Similarly, without loss of 
generality, ipi is trivial and so, as T** is complete, we have Ti C T**. As 
Ti is complete, without loss of generality, T* and T** agree on the common 
part of their vocabularies, and hence by Robinson Consistency Criterion, 
T = T* U T** is consistent. Also \T*\ + \T**\ < 9, hence \T\ < 9. Clearly 
T interprets To,Ti,T2 by (y^o, v^i = ipi and ■?/;2 respectively and T is com- 
plete. We now show that the triple (T,i^q,ijJ2) is a (Tq, T2) -superior which 
witnesses Tq <\ T2 over 9. So suppose that M is a model of T in which 
j^^[V'2] jg A-saturated. As {T**,^i,^2) witnesses Ti <^ T2, we can conclude 



that Mt"^!] = Ml'^i] is A-saturated. We can argue similarly that M^'^ol is 
A-saturated. 

(2) is proved similarly to (1).] 

In this section we consider an example of a theory which is a proto- 
typical example of an NSOP3 theory which is not simple (see [^h 457]] ). 
It is the model completion of the theory of infinitely many (independent) 
parametrised equivalence relations, formally defined below. We shall prove 
that for A such that A = A^^ and 2^ = A"*", this theory is strictly <^+-below 
the theory of a dense linear order with no first or last element. 



Definition 1.6 (1) Tfgq is the following theory in {Q, P, E, R, F} 

(a) Predicates P and Q are unary and disjoint, and (Vx) [P{x) V Q{x)], 

(b) E is an equivalence relation on Q, 

(c) i? is a binary relation on Q x P such that 

[xRz^yRzhxEy] =^ x = y. 

{so R picks for each z G Q (at most one) representative of any B-equivalence class) . 

(d) F is a (partial) binary function from Q x P to Q, which satisfies 

F{x,z)eQL {F{x,z)) Rz L xE {F{x,z)) . 

(so for X £ Q and z ^ P, the function F picks the representative of the _B-equivalence class of x 
which is in the relation R with z). 

(2) Tf^q is Tfeq wlth the requirement that F is total. 

(3) For n < u, we let T^ be T^ enriched by the sentence saying that over 
any n elements, any (not necessarily complete) quantifier free type consist- 
ing of basic (atomic and negations of the atomic) formulae with no direct 
contradictions, is realised. 

Note 1.7 Every model of T^q can be extended to a model of T^ . T^ has 
the amalgamation property and the joint embedding property. This theory 



also has a model completion, which can be constructed directly, and which 
we denote by Tf*^. It follows that Tj*^ is a complete theory with infinite 
models, in which F is a full function. 

Remark 1.8 Notice that Tfgq has been defined somewhat simpler than in 
[Sh 457, §1], but the difference is non-essential. Up to renaming, the two 
theories have the same model completion, which is what interests us. 

To obtain the theory from |ph 457|| , and the origin of the "infinitely many 



equivalence relations" in the name of the theory, we just need to look at 
our theory from another point of view. Namely, each ii^-equivalence class 
e = a/ E, gives rise to an equivalence relation E^ on P given by: 

ZiEf,Z2 iff zi, Z2 E P and F(a, zi) = F{a, Z2). 

This definition does not depend on a, just on a/ E. Hence we obtain infinitely 
many independent equivalence relations on P. Conversely, given a model of 
"infinitely many independent equivalence relations" , it is easy to read off a 
model of T^^ from it. 

Observation 1.9 T^ has elimination of quantifiers and for any ra, any 
model of Tf*q is a model of T^^^. 

Notation 1.10 Tord stands for the theory of a dense linear order with no 
first or last element. 

The following convention will make the notation used in this section sim- 
pler. 

Convention 1.11 Whenever considering (Tord,7'£*q)-superiors {T,i^,ip), we 
shall make an abuse of notation and assume (f = (/, <o) and ip = (P, Q, E, R). 
In such a case we may also write P^ in place of P^ etc., and we may simply 
say that T is a (Tord,^feq)-superior. 



Definition 1.12 For a A-relevant {Tord,Tf )- superior T, the statement 

*[M,a,b] = *[M,a,b,T,X] 

means: 

(i) M is a model of T of size A, 

(ii) a = (oj : i < X), b = {bi : i < X), are sequences of elements of I^"^ 
such that 

i < j < X =^ Qi <o aj <o bj <o h, 

(iii) there is no x G Mt*^! such that for all i we have a^ <o x <q b^, 

(iv) the Dedekind cut {x : Vi<A^ ^o O't} is not definable by any formula of 
C{M) with parameters in M. 

Main Claim 1.13 Assume A^'^ = A and (T, i^, ip) is a A-relevant (Tord, ^feq)- 
superior. Further assume that *[M, a, b] holds, and p = p{z) is a (consistent) 



Tf* -type over M^'^l Then there is A^ h ^ with M -< N, such that ^(2) i 



is 



realised in N^'^'^ and *[N,a,b] holds. 



Proof of the Main Claim. 

Stage A. Without loss of generality, p is complete in the Tf*q-language 
over M'^I (By Convention |1 . 1 1| , we can consider p to be a type over M 



(rather than M''^!). We shall use this Convention throughout the proof). If 
p is realised in M, our conclusion follows by taking A^ = M, so let us assume 
that this is not the case. Using the elimination of quantifiers for T^* , we 
can without loss of generality assume that p{z) consists of quantifier free 
formulas with parameters in M. This means that one of the following three 
cases must happen: 

Case 1 . (This will be the main case) p{z) implies that z & P and it 
determines which elements of Q*^ are -R-connected to z. Hence for some 
function / : Q^^ -^ Q*^ which respects E, i.e. 

aEb =^ f{a) = f{b), 



and 

/(a) G a/E^; 

we have 

p(z) = {P{z)} U{bRz: be Rang(/)} 

and no a G P^'^ satisfies p. 

Case lA . Like Case 1, but / is a partial function and 

p{z) = {Piz)} U { fib)Rz : b G Dom(/)} 

U{^{bRz): ib/E"^ n Rang(/)) = 0}. 



(Tliis Case will be reduced to Cases 1-3 in Subclaim |1.15|) . 

Case 2 . p{z) determines that z e Q and that it is E'-equivalent to some 
a* G Q*^, but not equal to any "old" element. Note that in this case if 
b* realises p{z), we cannot have b*Rc for any c G P'^'^ , as this would imply 
F{a*^c) = 6* G M''^] (and we have assumed that p is not realised in M''^'). 
Hence, the complete M-information is given by 

p[z) = {Q{z)} U{a*Ez}U{ay^z: ae a*/E^^}. 

Case 3 . p{z) determines that z e Q, but it has a different E'-equivalence 
class than any of the elements of Q^ . As p is complete, it must deter- 
mine for which c G P^^ we have z Re, and for which c,d E P^^ we have 
F(z,c) = F{z,d). Hence, for some / : P^^ -^ {yes, no} and some £, an 
equivalence relation on P^^ such that cSd =^ f{c) = f{d), we have 

p = {Q{z)} U {-(a E z): ae Q''} U {{z R bY^'^ : b G P*'} 

U{{F{z, c) = F{z, d)f'^'' : c,de P*'}. 

In the above description, we have used 
Notation 1.14 For a formula 'd we let 'd'^^^ = ^ and ^^° = -^'d. 

Subclaim 1.15 It suffices to deal with Cases 1,2,3, ignoring the Case lA. 



Proof of the Subclaim. Suppose that we are in the Case lA. Let 

list the d/E^ for d G Q^^ such that d' e d/E^^ =^ ^{d'Rz) e p{z). We 
choose by induction on i < i* a pair (Mj, q) such that 

(a) Mo = M, ||Mi|| = A, 

(b) {Mi : i < i*) is an increasing continuous elementary chain, 

(c) *[Mi,a,b] 

(d) d G (d,/^*^>+0 \ Mi, for I < i*. 

For i limit or z = 0, the choice is trivial. For the situation when i is a 
successor, we use Case 2. 

Let {ci/E^^^* : i G [i*^i**)) list without repetitions the c/£'^^'* which are 
disjoint to M. Note that \i**\ < A. Let 

p+{z)=p{z)VJ{ciRz: i<i**}. 

Then p'^{z) is a complete type (for M], ), and *[Mj.,a, 6] holds by (c). If 
p'^{z) is realised in Mj*, we can let A^ = Mj. and we are done. Otherwise, 
p'^iz) is not realised in Mj. and is a type of the form required in Case 1, so 
we can proceed to deal with it using the assumptions on Case 1. 

Stage B. Let us assume that p is a type as in one of the Cases 1,2 or 3, 
which we can do by Subclaim |1.15| . We shall define (Mq, : a < A), an ^- 



increasing continuous sequence of elementary submodels of M, each of size 
< A, and with union M, such that: 

(a) In Case 1, each Ma is closed under /, 

(b) In Case 2, a* G Mq, 

(c) For every a < A, 

(M«, {(a,-, hj) : J < A} n M„) -< (M, {(a,-, 6,) : j < A}), 

10 



Hence, for some club C of A consisting of limit ordinals S, we have that 
for all 6 e C, 

ttj e Ms <^=^ bj e Ms <^^ j < 6, 

(VcG/*^0(3j<5)[c<oa,V6^. <oc]. 

Let C = {6i : i < X} he an increasing continuous enumeration. 

Now we come to the main point of the proof. 

By induction on i = /g(?7) < A we shall choose h = {h^ : t] G ^^2), a 
sequence such that 

(a) hj^ is an elementary embedding of M^^ into C^, whose range will be 
denoted by A^^. 

{(3) V <\rj =^ hu C /i^. 

(7) If Tji G ^^2 for / = 0, 1 and ?7o H r/i = rj, then: 

(i) A^^, n Nr„ = N^. 

(ii) In addition, if a; G Q^''i for Z = 0, 1 and Oq E^'^ai, then for some 
a G Q^" we have aiE'^'^a for / = 0, 1. ( Equivalent ly, if ai G Q^"' 
and -i(3a G N^){/\i^20'iE a), then -i(ao-Eai)). 

(5) If for some / < 2 and 77 G ^^2 we have a G Nrj^{i) \ Nrj and 6 G A^,,, then 
aE'^'^b iff a = hn^.{i){a') for some a' such that a' E'^'^ h~^ (b) , for / < 2. 
(In fact, this follows from /i^ being onto A^^.) 



(e) \= "/ir,^(o>(&5ig(^)) <o ^»?-(i>(«5,g(^))" (see Convention [TTl 



on < 



0; 



We now describe the inductive choice of h^j for rj G ^^^2, the induction 
being on z = lg{ri). Let Hq = id-Mo- If ^ is a limit ordinal, we just let 

^v ~ Ui<zg(r7) ^vlj- Hsnce, the point is to handle the successor case. 

Fixing i < X, let {rji^a '■ « < «* < A) list '"^^2, in such a manner that 
Vi,2a \ i = 'ni,2a+i \ i and rji^2oi+iii) = / for / < 2 (we are using the assumption 
A^^ = A). Now we choose hr^^ 2^^, by induction on a. Hence, coming to a, let 
us denote by rji the sequence rji^2a+h and let r^oflr^i = r^ (so r^o \ i = rji \ i = rj). 
Let Ms^^^ \ Ms. = {c?} : j < j*}, so that d^ = as^ and d\ = bs^. We consider 
the type F, which is the union of 

11 



(a) 

def iv{x%, • • • , x°j^_^; h^{c)) -.TKuj kcC Ms^ L jo,., .jn-l < ji & 

(taking care of one "side" (for rjo or rji) of the part (a) above) 

(b) Fi, defined analogously to Fq, but with x^^, . . . ,x'j^__^ replaced every- 
where by x]^,... ,x]^_^, 

(taking care of part the remaining "side" (a) above, interchanging rjo and rji) 

(^CJ L 2 ^ Iv'^O' "^l/I '' ("^O' "^l)! ^ ^Si (this says that the above intervals in <o are disjoint, 
which after the right choice of /i77o(d*) = a realisation of a;'- or ftr)o(i^*) = a realisation of x^ 
(j < 2), and similarly for /i,,j , will take care of the part (e) above.) 

(d) F3 = F" U Fj, where 

F3 = {a;^- 7^ c : / < 2, j < j*, c G U{Rang(/ip) : hp already defined}} . 

(e) 

F4 = {x^-^ y^x]^ : jo,ji <j*} 

((d)+ (e) are taking care of (7) above, part (i)). 

but there is no a G Ms^ with [(f,_^Ea V d'':Ea\ 

(together with Fg below, taking care of part (7)(ii), see below.) 

(g) Fe = F[! U Fi, where 

[x,-Eh) : j < j* and h is an element of the set 



F' 
-■- 6 



U {Rang(/ip) : hp already defined and -i(3c G N^)\pEc\} 



12 



First note that requiring T^ U Tq throughout the construction indeed guar- 
antees that (7)(ii) is satisfied. Note also that as a part of Fq U Fi we have 

{^{x^jEh^ib)) : beMs^L 1= ^(4^6) & / < 2 & J < j*} 
U{4 E K,{b) : beMs^k 1= dtjEb kl<2kj< j*}, 

which takes care of the requirement (6). We also note that if jo;Ji < Ji are 
such that -n(xtExi) e F5, then ^(x° Ex]) e nFg. 



Vl 



JO ]1' ^ O' V Jl Jo 

We conclude that, if F is consistent, as €, is ^-saturated, the functions h 
can be defined. Namely, for a realisation {c'- : j < j*,l < 2} of F, we can 
define gi{d'j) = c'-, and then we let /i^^ = go if c? <o Cq, and gi otherwise. We 
let /i^j = gi^i if /ij,,j = gi. This guarantees that (e) above is satisfied. 

Let us then show that F is consistent. Suppose for contradiction that 
this is not so, so we can find a finite F' C F which is inconsistent. Let 
{jo, • • • ,jn-i} be an increasing enumeration of a set including all j < j* 
such that x' is mentioned in F' for some / < 2 and let d = {d\ , . . .d] ). 

J ^ JO ' Jn— 1 ' 

Without loss of generality, and 1 appear in the list {jo, • • • , jn-i} and jo = 
while ji = 1. By closing under conjunctions and increasing F' (retaining 
that F' C F is finite) if necessary, we may assume that for some formula 

cr{xQ, . . . Xn-V, c) G tp((i/M5.), we have 

for / < 2, where '(^^(x^jj, . . . a;'-^_^; /i^(c)) is the formula obtained from a by 
replacing Xk by x'-^ and c by hr^{c). 

Let 'd2 be the formula comprising F2 and d^.^{x^\ Cg) = /\(F3 fl F'), while 
^4 = A(r4nF') and t95 = A(r5nr). Let ^3 = ^l^^l and d = Afe<6,M2,3^A.. 
Without loss of generality, ^d includes statements Xq 7^ ... 7^ ^n-i and 
Xq <o x\ for / < 2. We may also assume that (xo,x5)7 fl {x\,x\)i = is 
included in F'. The choice of n may be assumed to have been such that for 
some Cq, . . . c^n~i (f*^^ ^ < 2) from |J{Rang(/;,p) : hp already defined}, we have 

F' n F3 = {x\^ ^ci: l<2,k<n,m<n}, 

and finally that 

r' n F5 = {^(x° Ex] ) ■.k,m<n k 

-^{3a e MsJid^Ea V d]^Ea]}. 

13 



Note that this imphes that for all jo,ji < j* such that "'(a^jp -^a^]J G F' fl Fs 
we have "'(a^jg -^ ^jj ^ T'flFs. By extending /i^ to an automorphism /i^ of ^, 
and applying (/i^)~^, we may assume that /i^ = idM^.- We can also assume 
that no c{j, is an element of M^^, as otherwise the relevant inequalities can be 
absorbed by a. 

We shall use the following general 

Fact 1.16 Suppose that N -< €, and e G ""C is disjoint from N ^ while N <^ A. 
Then 

r(x) =^tp(e, N)VJ{xkT^d: de A\N,k<m} 

U {^(xfcEfi) : deAk (d/E) nN = iD,k<m}, 

is consistent (and in fact, every finite subset of it is realised in A^). 

Proof of the Fact. Otherwise, there is a finite r'{x) C r{x) which is 
inconsistent. Without loss of generality, r'{x) is the union of sets of the 
following form (we have a representative type of the sets for each clause) 

• {g{x, c)} for some c C N and g such that |= g[e, c]. 

• {xk i^ c%'- k < m} for some Cq, . . . c^„i E A\N and s < s* < u, 

• {^{xkEdD : k < m} for some d^, . . . d\^_-^ ^ A\ N and t < t* < u 
such that (dl/E) n A^ = 0. 

By the elementarity of A^, there is e' G A^ with A^ |= g[e', c\. By the choice of 
the rest of the formulas in f'{x), we see that e' satisfies them as well, which 
is a contradiction. Ji^^Ti^ 

Let x'- = {xq, . . . , a;^_i) for / < 2. Let 

$0 '=' Mx') : ¥^(4, . . . ,xlJ G r n (Fo U F° U F°)}. 

Applying the last phrase in the above Fact to ^o{x^), the model Ms- and 
d, we obtain a sequence e° = (ef], . . . e°_i) G Ms- which realises $o(a^°)- For 
k,m such that ~i(a;° i?xj ) G F5 we have -i(3a G Ms-){aEd\ V aE'rf* ). So 

-(xfcEe^) A -^{el,Ex^) G tp(cJ/M5j. 
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Let now 

$i(xi) = {^{xlEeD A -^{elExD : -^{xIEx]J G T,} 
uK ^el:k,m<n}VJ {^{x^) : y.(x^)jo, • • • ,a:]_J G T' n (Fi U T^ U T^)}. 



$i(a;^) is a finite set to which we can apply the last phrase of Fact |1.16 . 



In this way we find e^ = (ej, . . . e^_;^) G Ms. realising $i(x^). Now we 
show that e° ^ e^ realises F' \ r2. So suppose -i(x°^ii^a;]^) G F' fl F5, then 
^{xlEei;) G $1, hence ^(e^Ee^). Also Afc,„<„(e^ 7^ ej^) holds, by the 
choice of $1, so e° ^- e^ realises F' fl F4. Now we need to deal with F2. Let 

V = {(m°,m^) : (m°,m^) satisfies ^}. 

So P is first order definable with parameters in M5. and we have just shown 
that V n Ms- 7^ 0. Also if (P ^- e^ (Z Ms. satisfies 'd, it necessarily realises 
F' \ F2 (as no cj. G M^^, see the definition). As F' is presumed to be incon- 
sistent, no (m^, v}) G P n M5. can reahse F', i.e. satisfy '62, and hence for no 
{vP,v}) G P n Ms^ are the intervals (mo,m°)/ and {u\,u\)i disjoint. Now we 
claim that if (m°, u^) G Ms^ fl P, then (wg, u\)i n {as,M^)i 7^ 0- 

Indeed, suppose otherwise, say m^ <o (Pq = as^. Hence u^ <o xq G tp((J/M5.^ 
Arguing as above, with u^ in place of e° and $i(x) U {m^ <o xJ} in place 
of $1(2;-'^), we can find u G Ms^ satisfying (m^ <o ^0) and such that {u^,u) 
satisfies 1!}. So {vP,u) G P fl Ms^ and the intervals (uo,u°)/ and (Mo,tii)/ are 
disjoint, a contradiction. A similar contradiction can be derived from the 
assumption 65. = d{ <o Mq. Now note that {vP^u^) G P ^^ {u^.vP) G P, 
so if (m^, m^) G P n M5. we also have (mJ, m];)/ fl (a^., 65.)/ 7^ 0. 

By the choice of C, there is no x G M5. with c?q' <o x <o (ii% hence 

if (u°, M^) G M^^ n P and / < 2, we have u[ <o rfp' <o d^{ <o ^1- (*) 
Let (J*{y) be 3x((x,y) G V). Hence if 

^o(^) = (3y)[(T*(y)A2<oyo] 
and 

Qi{z) = {3y)[<J*{y)^yl<^zl 
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then 

Ms^ h (V2o,^i)[^o(2o) A Qi{zi) =^ zq <o zi]. 
Of course, this holds in (t as well, so 

(a) go{z) defines an initial segment of /, 

(b) Qi (z) defines an end segment of /, 

(c) the segments defined by go{z) and gi{z) are disjoint, 

(d) go{MsJ U QiiMsJ = I n Ms,. 

[Why? Note that (e°,(J) G V. Hence a*{d) holds. As for every 
a G / n Ms, we have a </ ag. or a >/ bs,, the conclusions follows.] 

(e) QoiasJ and gi{bsj hold. 

[Why? Again because <y*{d) holds.] 

The above arguments show that {x : {3y)[{a*{y) A x <o yo)]} defines the 
Dedekind cut {x : x <q as,} over Mg., which contradicts the choice of C and 
the fact that the Dedekind cut induced by (a, b) is not definable (which is a 
part of the definition of *[M, a,b]). 

Stage C. Now we have shown that the trees (A^^ : rj G ^^^2), (/i^ : rj G ■^^2) 
of models and embeddings can be defined as required, and we consider 

p* = U^e^>2hr,{p \ Ms^^^J. 

We shall show that p* is finitely satisfiable, hence satisfiable. Let T' C p* 
be finite. Recalling the analysis of p from Stage A, we consider each of the 
cases by which p could have been defined (ignoring Case lA, as justified by 
Subclaim IlTSJ ) 

Case 1 . In this case there is a function / : Q'^ —>■ Q^^ respecting E, 
with aEf{a) for all a G Q*^, and without loss of generality there are some 
rjo, . . . rjm-i £ '^^2 and {6^ : j < m,i < Uj} C Rang(/) such that 

T' = {P{z)}u[j{hr,ibl)Rz: t<n,}, 
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and for each j we have {bj : i < rij} (1 M^i ,. Let n = Tij^mnj, hence T' is 
a quantifier free (partial) type over n variables in C'*^] . By Observation |1.9| , 



we only need to check that in F' there are no direct contradictions with the 
axioms of T^ . 

The only possibility for such a contradiction is that for some jo,ji and 
6]°, b-j^ we have 

Ko(^n^h,JI/,^)Ah,Jbf)Eh,Jb^,!) 

and hj^{bf)Rz, hj^{b-'j})Rz G T'. In such a case, any c which would reahse V 
would contradict part (c) of the definition of T^„- Suppose that bf ^IP^^ and 

?7o, r]i are as above. Let rji = rjj^ for / < 2 and let r] = rj^n rji. By part (7)(ii) 
in the definition of h, there is 6 G A^r, such that hfj^^{bf')Eb and h^^{b-'j^)Eb. 
For some b G Ma, , , we have 

hrio{b) = V(6) = hriib) = b, 

so applying the elementarity of the maps, we obtain 

bi^'EbEb'f}. 

On the other hand, by the definition of p* we have h'l'Rz G p{z) and 
b'j^Rz G p{z). By the the demands on p this implies that bf* = b-j} ^ ^Sigir,) 
and f{b) = bf\ contradicting the fact that M^^^^^j is closed under /. 
Case 2 . For a fixed a* G Mq we have 

p{z) = {Q{z)} U {a*Ez} U{zy^c: cE a*/E^^}, 

so without loss of generality 

p*{z) = {Qiz)} U {a*Ez} U{z^ k,^{c,) : j < m} 

for some Cq, . . . , c^-i G a* / E^'^ and ^oi • • • ? ''?m-i ^ '^^S, as /i() = idAfg. As 
a* /E is infinite in any model of T^* , the set F' is consistent. 

Case 3 . We may assume that for some equivalence relation £ on P*^, 
a function / from P^ into {yes, no}, sequences t^Q) • • • ''?n-i G '^'^2, and 
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{a^ : i < m,k < n} C Q^^ and {b'^, 0^,(1'^ : i < m,k < n} C P*^ we 
have ei£^e2 =^ /(^i) = /(e2) and 

r'(z) ={Q(^)} u U{-(VK')^^) : ^ < W u U{(^^ V(&'))^^'^'^ : ^ < ^} 

fc<n k<n 

k<n 



We could have a contradiction if for some ki,k2,ii,i2 we had f{b^^) =yes, 
fi^il) =no, but /irjfc (&ii^) = ^r7fc (^13^)) which cannot happen by 7(i) and the 
fact that each hr, is 1-1. Another possibihty is that for some h^^, b^^ we have 
fib-^) = /(&&)=yes, but V,(&n') 7^ V,(&S) while h,,^{b\l) E h,,^{b\l) . To 
see that this cannot happen, we distinguish various possibilities for b\^ , b^^ 
and use part (7) (ii) in the choice of h. 

Yet another possible source of contradiction could come from a similar 
consideration involving the last clause in the definition of T'[z), which cannot 
happen for similar reasons. 

Stage D. Now we can conclude, using A = A^'^ and \T\ < A, that there is 
a model A^* ^ £ of size A with |J,;eA>2 N^j <^ N*, such that p* is realised in A^*. 

For z/ G ^2, let h^ = Ui^\hy\^i, and let N^ = Rang(/ij^), while p,^ = hy{p). 
For such I/, let 
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qu{x) = {/(x)} U {K{ai) <o x <o K{bi) : i < X}. 

Hence we have that for v ^ p from ^2, the types qy and qp are contradictory, 
by [e] above. As ||A^*|| + 1-^(7") | < A, there are only < A definable Dedekind 
cuts of <o over A^*, and only < A types q^ are realised in A^*. Hence there is 
z/ G ^2 (actually 2^ many) such that the Dedekind cut {x : Vj<Aa; <o hy(a^^ 
is not definable over A^* and q^ is not realised in A^*. So A^* omits q^ and 
realises p^. We let A^ = h{N*), where h is an automorphism of €. extending 
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Theorem 1.17 Assume that A^-^ = A and 2'*' = A+. 

(1) For any A-relevant (Tord,7'feq) -superior {T,i^,ijj), the theory T has a 

model M* of cardinality A"*" such that 
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(i) if^* is not A+-saturated, 

(ii) "(p^* is A'^-saturated. 

(2) We can strengthen the claims in (i) and (ii) to include any interpretations 
of a dense linear order and T^* -respectively in M*, even with parameters. 

Proof. We prove (1), and (2) is proved similarly. Using the Main Claim 
|1.13| , we can construct M* of size A^, by an ^-increasing continuous sequence 
{M* : i < A+), with ||M;|| = A satisfying *[Mi,a,6] for each i < A+, and 
letting M* = Mx+ ■ The Main Claim |1.13 is used in the successor steps. To 
assure that M* is A"''-saturated for Tf*q, we use the assumption 2^ = A+, to 
do the bookkeeping of all Tf*q-types involved. 
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Conclusion 1.18 Under the assumptions of Theorem p..l7| , the theory Tj* 



is <^+ strictly below the theory of a dense linear order with no first or last 
elements. 

[Why? It is below by |[Sh 50q] , §2, see Note [l^. 



2 On the properties SOP2 and SOP] 



In his paper ||Sh 500|| , S. Shelah investigated a hierarchy of properties unstable 
theories without strong order property may have. This hierarchy is named 
NSOP„ for ?) < n < uj, where the acronym NSOP stands for "not strong 
order property". The negation of NSOP„ is denoted by SOP^. It was shown 
in [^h 500|] that SOP^+i =^ SOP„, that the implication is strict and that 
SOP3 theories are not simple. In this section we investigate two further 
notions, which with the intention of furthering the above hierarchy, we name 
SOP2 and SOPi. In section ^, a connection between this hierarchy and <^- 
maximality will be established. 

Recall from ||Sh 500|| one of the equivalent definitions of SOP3. (The 
equivalence is established in Claim 2.19 of [^h 500|| ). 



Definition 2.1 A complete theory T has SOP3 iff there is an indiscernible 
sequence (oj : i < u) and formulae ip{x,y), tpix^y) such that 
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(a) {(p{x,y),ilj{x,y)} is contradictory, 

(b) for some sequence (bj : j < uj) we have 

i < j =^ \= ip[bj, ai] and i > j =^ \= ij\bj, Oj]. 

(c) for i < j, the set {ip{x,dj),i/j{x,ai)} is contradictory. 

Definition 2.2 (1) T has SOP2 if there is a formula ip{x,y) which exem- 
phfies this property in G^ = C7-, which means: 

There are a^^ & €. for rj G '^^2 such that 

(a) For every r] G '^2, the set {(p{x, a^^„) : n < u} is consistent. 

(b) li rj,!/ E ^^2 are incomparable, {(/^(a;, a^), (p{x, aj,)} is inconsistent. 

(2) T has SOPi if there is a formula ip{x,y) which exemplifies this in €, 

which means: 

There are a^ G ^, for rj E^^2 such that: 

(a) for p G '^2 the set {v?(x, ap^„) : n < a;} is consistent. 

(b) if z/ -^ (0) < r] G '^^2, then {(p{x, a^), v?(a;, a^^(i))} is inconsistent. 

(3) NSOP2 and NSOPi are the negations of SOP2 and SOPi respectively. 

The definition of when a theory has SOPi can be made in another, equiv- 
alent, fashion. 

Definition 2.3 Let ip{x,y) be a formula of C{T). We say ip{x,y) has SOP'^ 
iff there are (a^ : rj G '^^2) in €t such that 

(a) {(^{x, a^jin)^^"'^ '■ n < to} is consistent for every r] G '^2, where we use the 
notation 

I / v? if/ = l, 

yr - 

for / < 2. 



^ ^ ^ip if/ = 
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(b) If z/ '-^ (0) < ?7 G '^^2, then {ip{x, a^), ip{x, a^)} is inconsistent. 
We say that T has property SOP'^ iff some formula of C{T) has it. 

Claim 2.4 (1) If (f{x, y) exemplifies SOPi of T then if{x, y) (hence T) has 
property SOP^ 

(2) If T has property SOP'^ then T has SOPi. 

Proof of the Claim. (1) Let {a,, : i] E "^^2} and ip{x, y) exemplify that T 
has SOPi. For r/ G "^^2 we define 6,, = a,,^(i). We shall show that ip{x,y) 
and {b^: r]e '^>2} exemplify SOP'^. 



Given fj G "^2. Let c exemplify that item (a) from Definition |2.2| (2) 
holds for 17. Given n < cu, we consider y9[c, 6^|-„]''*^"^ If ^(n) = 1, then, 
as bfiin = aj^\n^(i) = afji(n+i), we have that (y9[c, 6j)f„]''("^ = (/^[c, a^r(n+i)] holds. 
If 17(71) = 0, then 

{fj \ n) --^ {0) = fj \ (n + l). 

As ip[c, ajj|-(„+i)] holds, by (b) of Definition ^]2|(2), we have that (p[c, afi\n^{i)] 
cannot hold, showing again that, ip[c,bfjin]^^^'^ = -^ip[c,afiin^{i)] holds. This 
shows that {ip{x,bfi\n)'^^"'^ : n < cu} is consistent, as exemplified by c. 

Suppose z/ -^ (0) < ?7 G "^^2 and that ip[d,bn] A (p[d,b,y] holds. So both 
(/9[J, a^^(i)] and ip[d,a,,^(^i)] hold. On the other hand, as z/ ^ (0) < rj, 
clearly u -~^ (0) < rj -~^ (1), and so (b) of Definition p.2| (2) implies that 
{ip{x,dri^(^i)),ip{x,d,y^.(^i))} is contradictory, a contradiction. Hence the set 
{ip{x,bri),ip{x,bu)} is contradictory 
(2) Define first for r^ G "^-2 an element p^ G "^-2 by letting 

Pni^k) =r]ik), 
p,(3A; + l) = 0, 

p,(3/c + 2) = l, 

and if /g(77) = k < uj, then /g(pr,) = 3fc. Notice that for rj E^2 and k < u we 
have pr,ik = Pr, \ i^k). 
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Let ip{x, y) and {a^ : tj G "^^2} exemplify property SOP^ We pick Cq 7^ Ci 
and define for rj E^^2 



^»7^(0> — '2p^-^(0,0> ^~" «p,, '^ (Co,Ciy 



b{) = (Co)2n+2, 

where (c)^ stands for the sequence of k entries, each of which is c, and 
n = lg{y) in ip{x, y). We define 

?/'(x, z) = ip{x, z^ ^-- z^ ^-- w^ ^^ w-^) = 

[w° = w^] V [ip{x, z°) A -^ip{x, z^)], 



where z = z'^ ---■ z^ -^ {w^,w^) and /g(^°) = /g(^"'^) = lg{y)- We now claim 
that ipix, z) and {6^ : rj G '^''2} exemplify that SOPi holds for T. Before we 
start checking this, note that for 77 G "^^2 we have: 

• 1 ip{x^hi^)) holds for any x, 

•2 ^(x,^_(o>) holds iff v5(x, ap^_(o,o)) A ^ip{x,ap^) holds, 

•3 V(S,&r,-(i>) holds iff ^V9(x,ap^_(i)) A V5(x,apJ holds. 

Let us verify ^(2)(a), so let r] G ^2. Pick c such that (/?[c, Op^^^] ''"(") holds 
for aX\ n < uj. We claim that 

ilj[c,hr,\ri\ holds for all n. (*) 

The proof is by induction on n. 

If n = , this is trivially true. If n = fc + 1 and ?7(/c) = 0, then we need to 
verify that y9[c, ap^^j.^(o,o)] holds and ^ip[c,ap^^^] holds. We have 

P,,rA:-(0,0)=p, r(3A; + 2), 
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and Prf{Sk + 2) = 1. Hence V9[c, ap^^^^(o,o>] holds by the choice of c. On 
the other hand, we have pr,\k = Pq \ (3/c), and pr^{?>k) = rj{k) = 0, hence 

If n = k + 1 and ri{k) = 1, then we need to verify that '^[c,dp^^^] holds 
while v5[c,ap^^(3fc)^(i)] does not. As p^^fe = p^ \ {3k), and p,,(3fc) = ri{k) = 1, 
we have that ip[c, ap^ ^fc)] holds. Note that ip\c, ap^ t(3fc+2)] holds as p^(3/i;+2) = 1. 
We also have (p^ \ {3k + 1)) ^ (0) < p^ \ {3k + 2). Hence -''/'[c, ap^^(3fc+i)] 
by part (b) in Definition p.3| . But 

holds, so we are done proving (*). 

Let us now verify ^l2|(2)(b). So suppose v -^ {Q) < rj and consider 
{'4){x,hu^(^i)),'4){x,hr,)}. Let ?7 = 0- --> (/). 

Case 1 . V = a. 

Hence / = 0. So'?/'(x, 6^) =^ -iv9(x, Op^) and '?/'(x, 6j,^(i)) =^ (p{x,ap^), 
by •2 and •s respectively, showing that {4'{x, br,),4'{x, K.~{i))} is inconsistent. 

Case 2 . u <a and / = 0. 

Hence u ^ (0) < a. Clearly p^ ^ (0) < p,^ ^ (0, 0), as 

Pa(/g(p.)) = ^feM) = o. 

We have tjj{x,K^{i)) =^ v(^, «pJ by -s and ^(x,&^) ^ v5(x, ap^_(o,o>) 
•2, and the two formulae being implied are contradictory, by (b) in the defi- 
nition of SOP'^. 

Case 3 . u <a and / = 1. 

Observe that ^(x, 6^) =^ Lp{x,ap^)hj m^ a.iadip{x,b^^(^i)) =^ {p{x,ap^). 
As above, using u ^ {0) < a, we show that the set {{p{x,ap^),ip{x,ap^)} is 
inconsistent. "^O 



Conclusion 2.5 T has SOPi iff T has property SOP'j^ from Claim p74 . 



Question 2.6 Is the conclusion of p.5| true when the theory T is replaced 
by a formula ip7 
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The following Claim establishes the relative position of the properties 



introduced in Definition |2.2| within the (N)SOP hierarchy. 

Claim 2.7 For any complete first order theory T, we have 

SOP3 ^S0P2 ^SOPi. 

Proof of the Claim. Suppose that T is SOP3, as exemplified by (fli : i < u), 
(bj : j < uo) and formulae ip{x,y) and ip{x,y) (see Definition p.l|) , and we 
shall show that T satisfies SOP2. We define 

'd{x,y^ ^ f) = ip{x,y^) Aip{x,f), where lg{f) = lg{f. 

Let us first prove the consistency of 

T U {^(3x) [dix, y^) A d{x, y^)] : r/ ± z/ in ^>2} U 



r 



def 



u 



U{(3x)[/\^(x,i/,^,)]: r/G-2}. 



n<ui k<n 



Suppose for contradiction that P is not consistent, then for some n < uj, the 
following set is inconsistent: 

P' = T U {^i3x)['d{x, yrj) A ^{x, y^)] : r], v incomparable in "-2} 

U{(3x)[Afc<„^(x,y^rfc)] ■■ ^e"2}. 
Fix such n. We pick ordinals a,,, /5,, < tu for r/ e "-2 so that 
(i) V <%] => a,^ < a^ < a^ + 1 < /?^ < /J^,, 

(ii) /3r,^(0> < «r;-(l>- 

For ?7 e "--2 let a* = Cq,^ -— - a^,^. We show that ^ and {a* : r^ G "-2} ex- 
emplify that P' is consistent. So, if 77 G "-2 then we have AA:<n''^[^o^+i' ^ 



) ^r]\k\ 



as for every k < n we have a^|-A,. < a^ + 1, so v9[6a^+i,aQ, ^^.J holds, but 
also for all fc < n, as ?7 \ k < rj, we have /^^^^ > a^ + 1, so i^'^an+i.cip^^^ 
holds. Hence (3a;)[/\;j<^^(x, a*|.^)]. On the other hand, ii u ^ (/) < r^/ for 
/ < 2, then {'(9(x, a*^),'i9(x, a*J} is contradictory as the conjunction implies 
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ip{x, 0/3^^) A ip{x, a^^^), which is contradictory by /S^^ < a^^ and (c) of Defini- 
tion p.l| . This shows that T' is consistent, hence we have also shown that F 
is consistent. 

Having shown that F is consistent, we can find witnesses {a* : rj G "^^2} 
in C reahsing F. Now we just need to show that {i^{x,a^^^) : n < u} is 
consistent for every rj G "^2. This follows by the compactness theorem and 
the definition of F. Hence we have shown that SOP3 =^ SOP2. 

The second part of the claim is obvious (and the witnesses for SOP2 can 
be used for SOPi as well). 

*|] 



Question 2.8 Are the implications from Claim |2.7| reversible? 



Claim 2.9 If T satisfies SOPi, then T is not simple. In fact, if (f{x,y) 
exemplifies SOPi of T, then the same formula exemplifies that T has the 
tree property. 

Proof of the Claim. Let ip{x,y) and {arj : i] G '^^2} exemplify SOPi. 
Then 

r*, = {^(x,a^_(o)„^(i)) : n<uj} 

for r] G "^^2 consists of pairwise contradictory formulae. (Here (0)„ denotes 
a sequence consisting of n zeroes.) For u &^uj let 

Pi/ = (0)^(o)+i ^ (1) ^ (0)^(i)+i ... ^ (0)^(„_i)+i ^ (1), 

so p^ G '^■^2 and u < r] =^ p^ < p^. For z/ G "cj let h^ = ap^. We observe 
first that {(y9(x, 6^~(fc)) • A; < cu} is a set of pairwise contradictory formulae, 
for V G '""uj; namely, if k^ 7^ fci, then ip{x,b^^(^ki)) ^'-'^ ^ ^ ^ are two different 
elements of Tp^. On the other hand, {ip{x,b^in) '■ ^ < a;} is consistent for 
every 1/ G '^u. Hence (f{x,y) and {6j, : u G '^^u} exemplify that T has the 
tree property, and so T is not simple. irE^ 

It turns out that witnesses to being SOPi can be chosen to be highly 
indiscernible. 
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Definition 2.10 (1) Given an ordinal a and sequences ?7; = (r^Q, r^J, . . . , r^^ ) 
for / = 0, 1 of members of "^2, we say that f^o ~i f]\ iff 

(a) no = ni, 

(b) the truth values of 

for ki,k2,k3 < Uq, do not depend on /. 

(2) We say that the sequence (a^, : rj G "^2) of C (for an ordinal a) are 
1-fully binary tree indiscernible (1-fbti) iff whenever fjQ ~i fji are sequences 
of elements of °^2, then 

_ def _ 

'AJ '/() 'IriQ 

and the similarly defined a^^^ , realise the same type in €. 

(3) We replace 1 by 2 in the above definitions iff (?7^^ fl rj^J ^- (0) < r^^^ is 
omitted from clause (b) above. 

Claim 2.11 If t G {1,2} and (6^ : rj E '^^2) are given, and S > u, then we 
can find (a^ : ?] G "^^2) such that 

(a) {a-r,: r]e ^>2) is t-fbti, 

(b) ii f] = {r]m '■ m < n), where each r]m E ^^2 is given, and A is a finite set 

of formulae of T, then we can find Um G '^^2 {m < n) such that with 
^ = {i^m '■ m < n), we have iy ~t V ^'^d the sequences a^^ and bp, realise 
the same A-types. 

Proof of the Claim. The proof goes through a series of steps through 
which we obtain increasing degrees of indiscernibility. We shall need some 
auxiliary definitions. 

Definition 2.12 (1) Given f/ = {rjQ, . . . ,rik_i), a sequence of elements of 
"^2, and an ordinal 7. We define f/' = cl^{fi) as follows: 

(2) We say that fj Ri^^„ z/ iff f/' = c\^{fi) and u' = cl^(z/) satisfy 
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i) r( = {rj'i : I < m) and v' = {v[ : I < m) are both in ™(">2) for some m, 

ii) for I < m we have rjl E '^-2 <^==^ v[ G '^-2, and for such / we have 
ii = ^l 

iii) n > \ui\ = \u2\, where we let Ui = {lg{ri'i) : I < m} \ (7 + 1) and 
U2 = {lg{iy'i) : /<m}\(7 + l), 

iv) lg{r][) G Ml ^ \ui n lg{r]'i)\ = \u2 n lg{iy'i)\, 

v) ril_^ < rj'i^ <^=^ I'l^ < u'l^, and the same holds for the equality, 

vi) i]'i^{0) < r]'i^ <^=^ ^iii^) ^ ^'12 (and hence the same holds with 1 in 
place of 0). 

(3) (a^ : 1] G "^2) is {j ,n)-indiscernihle iff for every fj,u E ^(°'^2) with 
fj ~(^,n) i^, the tuples afj and ap realise the same type. 

(4) (< 7, n)-indiscernibility is the conjunction of (/9, n)-indiscernibility for all 

(5) We say that (a^ : r] G "^2) is 0-fbti iff it is (7,n)-indiscernible for all 7 
and n. 



Subclaim 2.13 If d^ G ''(t for 77 G '^>2, then we can find a' = (d'^ : r] e ">2) 
such that 

(x) a' is 0-fbti, 

(xx) for every n and a finite set A of formulae, we can find h : "-2 -^ ^^2 
such that 

(a) (a^ : r] G "-2) and (a/i(r,) : ^ G "-2) realise the same A-type, 
(/3) h satisfies h{r]y{l) < h{r]'^{l)) for r] G ">2 and / < 2, and 

Proof of the Subclaim. Let (*)7,n be the conjunction of the statement 
(x)^,„ given by 

a! is (< 7,n)-indiscernible, 
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and (xx) above. We prove by induction on n that for any 7 < cj we can find 
a' for which (*)7,n holds. 

n = . We use a'^ = a^^. 

n + 1 . By induction on 7 < a;, we prove that there is a' for which 

(*)7,n+l + {*)u,n + {xx) holds. 

7 = (or just 7 < tu). 

Without loss of generality, the sequence (a^ : 77 G "^^2) is (< cj, n)-indiscernible 
and (< 7, n + l)-indiscernible, by the transitivity of {xx) as a relation be- 
tween (a^ : r] G '^-^2) and {a'^ : tj E "^^2). Suppose we are given fj, v satisfying 
f] ~^,„+i v^ in particular the appropriately defined mi, u^ have size < n + 1. 
For simplicity in notation, we assume f/, z/ to be the same as their cl^ closures. 

If |mi| < n, the conclusion follows by the assumptions. Moreover, if 
min(Mi) = min(M2) and l'g{r]i) = min(Mi) =^ rji = ui, using (x)min{«i),n, 
we get the equivalence. So, fixing a finite set A of formulae and k < u, for 
every fj, defining ui appropriately, we get that the tp^{afi) depends just on 
the f]/ ^■y^n+i= T and {i]i : I < lg{f])} fl ™™(^i)2 = {r]i : / G f^} for some 
v'^ ^ ^g(^)- Let us define F^ ^ by F^ ^((r^; : / G f ^)) = tp^(aj^). By the clo- 
sure properties of f/, we get that rji^ 7^ rji^ =^ rji^ f (7 + 1) = rji^ \ (7 + 1) for 
h,h G v'^ ■ We can hence replace f ^ by a set vj C v'^ such that {rji : I & vj) 
are the representatives under equality of restrictions to 7 + 1 . 

As we have fixed A, the set of relevant T is finite. Let k* = 2'^'^^ (so 
finite) and let {vl : k < k*} hst '^+^2. We define 

^t,a(i^o, • • • , z^fc, ■ ■ ■ )k<k* =F^^^{{vi ■ I e t;J)), 

where rji \ {'^ + I) = vl =^ r]i = u*^ ^ v^- 

Define a function F with arity k* so that F{{. . . , Xk-, ■ ■ ■ )k<k*) is defined iff 
for some m < u we have {xk '■ k < k*} C "^2 and then 

F{{. . . , Xfc, . . . )k<k*) = (^t,a((- • • ^Xk,... )k<k') ■■ T as above ). 
Now we use the Halpern-Lauchli ||HaLa|| theorem. We get a set of functions 



hk-. ^>2 ^ '^>2 for fc < k* such that 

• lg{hk{rj)) depends just on /g(?7) (not on k or on the values taken by rf), 
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• for some c we have 

(m < ^ & {% : k< k*} C "^2) =^ F{{r]o, rji, . . . ,7]^, . . . )k<k') = c. 

Let a'^ for rj G "^^2 be defined to be: a^j ii rj E '^-2, and ah,.{u) if ^ f 7 = '^fc 
and Tj = ul ^~- u. We obtain the desired conclusion, but locahzed to A. The 
induction step ends by an application of the compactness theorem. 

7 = cij Follows by the induction hypothesis and the compactness. 

The conclusion of the Subclaim follows by the compactness theorem. -^ igj 

Now we go hack to the proof of the Claim. Let us first work with t = 1. 
Given (6^ : r] E "^^2) as in the assumptions, by the Subclaim we can assume 
that they are 0-fbti. We choose by induction on n a function /i„ : "-2 — > '^^2 
as follows. Let /io(()) = ()• If /i„ is defined, let 

A;„^=^'max{/g(/i„(r7)) + l: r^ G "^2} 

and let 

hn+l{{)) = 0, /l„+l((l)V) = (lyhnil^), /l„+l((0)V) = (0, . . . , 0K(Z/), 

where the sequence of Os in the last part of the definition, has length /c„. 
Now we can check that (&/i„(r;) : V G ^-2) are 1-fbti, for each n. Hence, we 
can finish by compactness. 

For t = 2, we use the same proof, except that we let 

hn+li{iyu) = {OAYhniu). 

Claim 2.14 If t G {1,2} and ip{x,y) exemplifies that T has SOP^, we can 
without loss of generality assume that the witnesses (a^ : r] E '^^2) for this 
fact are t-fbti. 
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Proof of the Claim. Let b = (brj : 7] E ^^2) be any witnesses to the 
fact that ip{x,y) exemplifies that T has SOPf. Let a = (a^ : rj G "^^2) be 
t-fbti and satisfy the properties guaranteed by Claim p.ll| . We check that a 
satisfies the properties (a) and (b) from the Definition of SOPj. 

For (a), we first work with t = 1, the case t = 2 is similar. Let p G '^2 
be given, and suppose that {ip{x,ap^n) '■ n < u} is inconsistent. Then 
there is some n* < u such that {y9(x, ap|-„) : n < n*} is inconsistent. Let 
p = {p \ n : n < n*), and let 

^ = WniiVo, • • • 2/fc, • • • )k<n*)} where <. = (3x) Afc<„. (p{x, yk). 

Let u ~t P ^G such that bp and a^ realise the same A-types. As u ~t P we 
have that u = {uq, ui, . . . z/„*_i) for some uq, I'l, . . . i^n*-i satisfying 

i < j < n* =^ Ui < Uj. 

Let ?7 G '^2 be such that I'i < t] for all i. Hence {ip{x,br,\n) '■ n < u} is 
consistent, so in particular 



Hence 



"(3a;)[A„<„*(^(a;,6^J]' 



"(3x)[A„<„*v5(a;,ap^„)]", 



a contradiction. 

For (b), suppose that rjo -^ (0) < r^ and let f] = {rio,r],r]o -^ (1)), while 
A = {^pliyoyVi)}- Let u = {1^0:^1:^2) be such that fj ^^ u and bp realises 
the same A-types as dfj. If t = 1, as u ~t V we have z/q -~^ (0) < z/2, 
hence {v?(x, 6j,(,^^i)), ip{x, b^)} is contradictory, hence {ip{x, a^^^^i)), (f{x, an)} 
is contradictory. The case t = 2 is similar, as the notion of incompatibility 
in '^^2 can be encaptured by a relevant choice of f/. "^Ei4 



The next claim shows that in the case of theories which are SOPi and 
NSOP2, the witnesses to being SOPi can be chosen to be particularly nice. 

Claim 2.15 Suppose that ip{x,y) satisfies SOPi, but for no n does the for- 
mula (pn{x, I/O, • • • , Vn-i) = Av5fc<„v^(x, yk) satisfy SOP2. Then there are wit- 
nesses (a^ : 1] E "^^2) for ip{x, y) satisfying SOPi which in addition satisfy: 
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(c) if X C '^>2, and there are no 77, z/ G X such that f] ■^^ (0) < u, then 

{(p{x, (in) : r] G X} is consistent. 

(d) {drj-. r]e ^>2) is 1-fbti. 

(In particular, such a formula and witnesses can be found for any theory 
satisfying SOPi and NSOP2.) 

Proof of the Claim. Let ip{x,y) be a SOPi formula which is not SOP2, 
and moreover assume that for no n does the formula </?„ defined as above 



satisfy SOP2. By Claim |2.14| , we can find witnesses {a^ : rj G '^^2) which are 
1-fbti. By the compactness theorem, we can assume that we have a 1-fbti 
sequence (a^ : r] E "^^^2) with the properties corresponding to (a) and (b) of 
Definition |2.2| (2), namely 



(a) for every r/ G "^^2, the set {(^(x, a^|-a) : a < "^i} is consistent, 

(b) ii V ^ {Q) <rj E "^^^2, then {(^{x, a^^ii)), (p{x, ar,)} is inconsistent. 

We shall now attempt to choose u^ and w^ for rj G "^^^2, by induction on 
^g(^) = a < tui so that: 

(i) z^o G -^>2, 

(ii) (3 <a =^ VriW^Vri, 

(iii) /5 < a ^ T^riM^V \ P)) = ViP), 

(iv) Wri C '^i>2 is finite and u E Wr, =^ ig{^) < ^&{^v)y 

(v) if lg{ri) is a limit ordinal, then w^ = 0, 

(vi) if ?7 G ^2 and / < 2, then U7^_(/) C {p g '^i>2 : z/^ ^ (/) < p} and 
max{;g(p) : p G w^^(o} < lgii^r,^(i)), 

(vii) for each rj there is p* = p* such that 

(a) z/,<p*G"^2, 

iP) \{a<u,: p*(a) = l}| = Ki, 
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(7) letting 

Priix) = {v^(a;, Ox) : T G w^jiy for some 7 < lg{r])}, 
we have that for all large enough (3*, the set 

p^{x) U {v9(x, vr/3) ■■ P> P* A p*{f3) = 1} 
is consistent, 
(viii) Prf{x) U {v?(a;, ap) : p E w^^^o) U u'^^(i)} is inconsistent. 

Before proceeding, we make several remarks about this definition. Firstly, 
requirements (vii) and (viii) taken together imply that for each 7] E'^'^^2 we 
have that w^^(o) UWj,^(i) 7^ 0. Secondly, the definition oiwr^^ii) for / G {0, 1} 
implies that 

A/=o,iP« G w^^(i) ^ po -L Pi. 

Thirdly, in (vii), any p* which satisfies that Vr^^p* and |{7 : p*(7) = 1}| = Ki 
can be chosen as p* by indiscernibility. 

Now let us assume that a choice as above is possible, and we have made 
it. Hence for each t] G "^^^2 there is a finite g,, C p^ such that 

qr^{x) U {ip{x, ttp) : pe Wr,-(0) U W^^(l)} (*) 

is inconsistent. Notice that there are q and rj* G "^^2 such that 

{ym)[v* < ^1 e "^>2 ^ (3r72 G "^>2)(r7i < r]2 A q^, = q)]. 

Namely, otherwise, we would have the following: each p^ is countable, hence 
for every rj there is g{ri) with 7] < g{ri) E'^^^2 and 

g{n) <r]i ^ g^, ^ p^. 

Let ?7o = (), and for n < u; let rjn+i = gijin)- Let rj = Un<u)Vn, hence 
Prj = ^nKi^P-qn (as w^ = 0), and so q^i C p^^ for some n, a contradiction. 

Having found such q,ri*, by renaming we can assume that rj* = () and 
that for all rj we have g^ = Pq = q (as rj < u =^ p^ C p^). For r^ G '^^^2 
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let Tri list Wr^. Wltliout loss of generality, by thinning and renaming, we have 
that for all i]i,ri2, 

(We are using the following colouring theorem: if cf (k) = k and we colour 
'^^2 hj 6 < K, colours, then there is an embedding h : '^^2 —>■ '^^2 such that 
h{ri)\l) < h{riy{l) and Rang(/i) is monochromatic.) Similarly to the proof of 
Claim |2.4| , we can define a formula ip{x, y) and {6^ : rj G "^^2} such that 

^(^, bv) = /\<l^ /\{'P{x, ap) : pe w^}. 

We claim that ilj{x,y) and (6^ : r^ G '^•^2) exemplify SOP2 of T, which 
is then a contradiction (noting that ■?/; is a formula of the form if^ for some 
ra, where (pn was defined in the statement of the Claim). We check the two 
properties from Definition |2.2| (1). 

To see (a), let 77 G "^2 be given. We have that p^ is consistent, and q C p^. 
For n < a;, we have 

ij{x, br^ln) = /\ g A /\{f{x, ttp) : pe Wr,\n}- 

As this is a conjunction of a set of formulae each of which is from p^, we have 
that {ip{x,br^in) '■ n < u;} is consistent. To check (b), suppose r] -L u E '^^2. 
Let n be such that t] \ n = u \ n but r]{n) 7^ z/(n). Hence 

^P{X, b^) = f\qA /\{(pix, ap) : pe Wrjln^rj{n)} 

and 

i){x, K) = /\qA /\{^ix, ap) : pe w^tn-^wl' 

so taken together, the two are contradictory by the choice of q. 

We conclude that the choice of v^ and tf^ cannot be carried throughout 
rj G "^^^2. So, there is a < u;i and r] G "2 such that z/^, Wr,^(i), v^^i^i) for / < 2 
cannot be chosen, and a is the first ordinal for which there is such rj. Let 
v^ G "^^2 > U/3<o^'r;|-/3 ^^ ?7 t (a — 1) if the latter part is defined, otherwise let 
z/° > U/3<a^'r;|-/3. This choicc of Pri = P for any p \ z/° satisfies items (i)-(iii) 
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above. We conclude that w^^(i) for / < 2 using any p \ z/° for z/^ could 
not have been chosen, and examine why this is so. Note that pr^ is already 
defined. Let 

/g(«^S) < 7 < ^1, 

w C {T G '^^>2 : p t 7 < T} is finite and 

for some Pp < P the set 
p^ U {ip{x,apii3) : p{P) = 1 L P e [Pp,uJi)} U 

U {v?(a;, ax) : T E w} 

is consistent 

We make several observations: 

(0) If (p, 7, w) G O and w (^ w' with tf' finite and w' \ w is contained in 
{p\P: Ppl<P A p(/3) = l},then(p,7,ti^')ee. 

[This is obvious.] 

(1) If (p;, 7;, wi) G and for some a G "^^^2 with z/° < a we have a -^ (O^lPi \ 7 
for / < 2, while po and pi are eventually equal, then {pi, lg{a),Wi U ^2) G 0. 

[Why? We have w; C {T G "^^^2 : pi [ 7 < T} is finite, so clearly 
Wq U Wi C [T & ^^^2 : a < T} is finite. By the assumption, we have that 
for some Pi < uji ioi I < 2 

Pn U {(p{x,ap^ip) : P > Pi A pi{P) = 1} U {ip{x,ar) : T e Wi} 

is consistent. Suppose that (1) is not true and let P* > max{/9o,/9i} be such 
that P* < ijj\ and for P > P* the equality po{P) = Pi{P) holds. Hence we 
have that 

Pn U {ip{x, ttp^ ip) : p > p* A po(/3) = 1} U {ip{x, ay) : T EwqU Wi} 

is inconsistent. By increasing Wq if necessary, (0) implies that 

Prj U {v5(x, Ot) : T e WqU Wi} 



def 



def 



is inconsistent. Let z/^ = a, for / < 2 let w^^^i) = Wi, and let i^n^.{i) = Pi \ Pi 
for a large enough P^ so that P* < PI and max({/g(T) : T G w^^i^i)}) < Pf. 
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This choice shows that we could have chosen z/^, Wr^^i^i) and i'r)'~.{i) as required, 
contradicting the choice of r/.] 

(2) If z/^ < p G '^^2 for some p such that there are Ki many (3 < uoi with 
p(/3) = 1, and /g(z/0) < 7 < cui, then (p, 7, 0) G 9. 

[Why? By the choice of p^ and the remark about the freedom in the 
choice of p* that we made earher.] 

Now we use the choice of r/ to define witnesses to T being SOPi which 
also satisfy the requirements of the Claim. For r G "^^2, let h^- = a^o^T-. Let 
us check the required properties. Properties (a),(b) and (d) follow from the 
choice of {a^ : a G "^^2}. Let X* C '^>2 be such that there are no cr, i/ G X* 
with 0" '-^ (0) < V, we need to show that {ip{x,hr) '■ t G X*} is consistent. 
It suffices to show the same holds when X* replaced by an arbitrary finite 
X C X*. Fix such an X. Clearly, it suffices to show that for some p, 7, 
letting w = {f° ^~- T : T & X}, we have (p, 7, w) G O. 

Let p* G "^^2 be such that z/° < p* and p*(/3) = 1 for Ki many (3. By 
induction on n = |X| we show: 

there is p G ^^2 such that for some 7 > max{/g((j) : a G w}, we have 
{p,'y,w) G 6 and /5 > 7 ^ p(/5) = p*(/9), while p(7) = 1. 

n = . Follows by Observation (2) above. 

n = l . Let X = {r} and 7 = /g(r) + /g(z/°). Let p G "^12 be such that 

P r 7 = '^r; '"" ''") P(7) = 1 ^^d P > 1 =^ p{P) = P*W)- By Observation 
(2) above, we have that (p, 7,0) G w. Then, by Observation (0), we have 

(p,7,w) G e. 

n = fc + 1 > 2. Case i. w is linearly ordered by <. 

Let r G ly be of maximal length, so clearly a G w\{r} =^ o- -^ {1) < r. 
Let p G "'12 be such that r --^ (1) <p and /3 > /g(r), while p(/5) = p*{(3). Now 
continue as in the case n = 1. 

Case £ Not Case 1. 

Let a G '^^^2 be <-maximal such that (yT){T G w; ^^ cr < r). This is 
well defined, as ty 7^ 0. Let w^ = {r G ili : cr ^ (/) < r}, so iuq fl Wi = 
but neither of wq^wi is empty. Now we have that a ^ w, as otherwise we 
could choose t E Wq such that a ^- (0) < r, obtaining an easy contradiction 
to our assumptions on X. Hence w = wqUwi. We can now use Observation 
(1) and the inductive hypothesis. "^FIs 
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3 <*-inaxiinality revisited 

In this section we introduce <^*, which is a version of <^-order considered in 
the first section, and give a connection between the <^*-niaxinial complete 
first order theories T when A = cf(A) > \T\ and a property similar to SOP2. 
The proof generalises the one in §|l]. 

Definition 3.1 (1) For complete first order theories Ti,T2 and a regular 
cardinal A > |Ti|, IT2I, let Ti <*^ T2 mean: 

There is a A-relevant (Ti,T2) -superior (T*,i^,iIj) (see Definition Op such 



that T* has Skolem functions and if T** D T* is complete with \T**\ < A 
then 

(©) there is a model M of T* of size A and an M^'^l-type p omitted by 
M such that for every elementary extension A^ of M of size A which omits p, 
and a 1-type q over N^'^'^ such that every elementary extension of A^ of size A 
which realises q, realises p. 
(2) Let Ti <** T2 mean that Ti <*^^ T2 holds for all large enough regular A. 

Claim 3.2 For a given a regular cardinal A > |Ti|, IT2I, if Ti <^+ T2, and 
2^ = A+, then Ti <l* T2. 

Proof. This statement is just a reformulation of the beginning of the proof 
of Theorem LIT] . Namely, let (T*,(^, ?/;) be a A-relevant (Ti,T2)-superior ex- 



emplifying that Ti<^+T2. Without loss of generality T* has Skolem functions. 
Suppose ~'(Ti <^* T2), and let T** exemplify this for (T*, (^, ijj). By extending 
if necessary, we can assume that T* = T**. Let M |= T* be of size A, and 
let p be an M^'^'^ type omitted by M. Then for every elementary extension 
A^ of M of size A which omits p, and every 1-type q over A^'^^^, there is an 
elementary extension A^* of A^ of size A, which omits p and realises q. By 
induction, we can build an elementary extension N oi M with |A^| = A"*", 
with A'" omitting p and being ^/'-saturated for 1-types with parameters in A^ 
(we are using 2^ = A"*"). This is a contradiction with the choice of T*. '^'0 

Definition 3.3 We say that T is <"-maximal iff there is no T"*" such that 
T<l*T+. 
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Main Theorem 3.4 For a theory T, the foUowing imphcations hold: 

(b) =^ (a), =^ (c), ^^ (d), 
where 

(a)A A > |T| is regular and T is <^*-maximal. 

(b) For every regular A > \T\, the theory T is <^*-maxinial. 

(c)a a > \T\ is regular and 

there is a formula (t(x, y), and a sequence 

(cfj : r/ = (r^o, . . . i]n*-i),Vo < r/i < . . . < 77„*_i G ^^A and /g(r7j) a successor) 

such that 

(a) for each r] G '*'A, the set 

a{x, Cfj) -.f] = {r] \ {ao + l),r] \ {ai + 1), . . .r] \ (a„*_i + 1)) 
and Oq < ai < . . . a„*_i < A 

is consistent 
(/5) for every large enough m, li g : "*-m ^ '^^A satisfies 

P<iy ^ g{p)<g{u) 

and 

p G "--m ^^ lg{g{p)) is a successor, 

while for Z < n* — 1 

(^(p))^(/)<^(p^(0), 

then 

{or(x,e(3(p^i),3(p^2),...9(p))) : P € "*"^} 
is inconsistent. Here n* = lg{y) in a{x,y). 
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(d) For every regular A, (c)a holds. 

Proof. The statement (b) =^ {a)x for any fixed regular A is obvious, as is 
(d) =^ (c)a- By the compactness theorem, the truth of (c)a does not depend 
on A, hence (c)a =^ (d). 

Main Claim 3.5 Let A = cf(A) > \T\ and let T be a given theory. Then 
(a)A =^ (c)a. 

Proof of the Main Claim. We are assuming (a)A, so 

T is <A* -maximal. 

Stage A. Let T^^^^ = Th("-2, <ti.) for n < uj, where <=<tr stands for 
the relation of "being an initial segment of , and let Ttree = hm(T^"gg : n < u), 
that is to say, the set of all ip which are in T^"gg for all large enough n. In 
order to use (a) a at a later point, let us fix a theory T* which is a A-relevant 
(Ttree, 7") -superior with Skolem functions (such a T* is easily seen to ex- 
ist), and let i^, tp be the interpretations of Ttree and T in T*, respectively. 
We can without loss of generality, by renaming if necessary, assume that 
£(T) C £(T*), so the interpretation ijj is trivial. 

As |T|, |T*| < A, we can find A C X which codes T and T*. Working in 
L[A], we shall define a model M of T* of size A as follows. Let 

U {xjj <^ Xy : 7]<v E ^^\} 

{-i(x^ <^ Xu) : ^{jj < v) for rj,v e ^^A)}. 

By a compactness argument and the fact that ip interprets Ttree in T* , we see 
that r is consistent. Let M be a model of F of size A = A*^^ (as we are in 
L[A]). For 7] G '^•^A let a^ be the realisation of x^ in M . For t] G ^A, let 

Pn{x) = {a^jia <^x : a < \} 



It is easy to check that each p^, is a (consistent) type, and that for tjq ^ rji G A 
types pr^g and p^^ are contradictory. Let 

p'^ = {d <^ X : for some a < A, a <<^ Cir]\a}- 
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By the axioms of T^ree, we have that p^ and p'^ are equivalent. Now we observe 
that for some 77* G ^A, the type p'^* is omitted in M, and p^. is not definable 
in M, i.e. for no formula ■(9(y, z) and c C M do we have: for a G M, the 
following are equivalent: [a <^ x] G p'^, and M |= '(9[a,c]. Let p = p'^* for 

such a fixed 1]*. For a < A, let Oq, = a^. |-q. We now go back to V and make 
an observation about M. 

Subclaim 3.6 Ttree satisfies the following property: 

for any formula d{x^y) we have that Ttree \~ cr = cr{'&), where 

a = (Wy)[[(yxi,X2))^{xi,y) A{}{x2,y) =^ xi <tr X2 V X2 <tr a;i)] 

=^ {3z){\fx){^{x,y) ^ X<trZ)]. 

Proof of the Subclaim. Let ?9(x, y) be given. By the definition of Ttree we 
only need to show that T^^^ l~ cr for all large enough n, which is obvious as 
for every n the tree "-2 has the top level. JK^ 

Hence the interpretation (^ of Ttree in T* satisfies the same statement 
claimed about Ttree- We conclude: 

® if M -< A^ and p is not realised in A^, then there is no 'd{x, c) with 
c (^ N such that ^{ar,* \a, c) for all a < A holds, while every two elements of 
A^ satisfying 9{x, c) are <(p-comparable. 

Stage B. We shall choose a filtration M = {Mi : i < A) of M, and an 
increasing sequence («« : i < \), requiring: 

(a) Mi -< M and Mi are -<-increasing continuous of size < A, with M being 

(b) aa, G M,+i \ Mi. 

We may note that the branch induced by {oa, : i < A} is the same as the 
one induced by {aa : a < A}. Hence p is realised in any model in which 
p'{x) = {tta^ <ip X : 2 < A} is realised (or even the similarly defined type 
using any unbounded subset of {ai : i < A}). Hence, by renaming, without 
loss of generality we have ai = i for alH < A. 

Stage C. At this point we shall use (a) a, which implies that it is not 
true that T<" Ttree- In particular, our M and p do not exemplify this, hence 
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there is A^ with M -< N and ||A^|| = A, such that A^ omits p, but for some 
Aft'^l 1-type q over N ^ whenever A^ ^ A^+ and N^ reahses g, also N^ reahses 
p. By (g), the branch induced by {a^. \ a : a < A} is not definable in A^, so 
without loss of generality A^ = M . We can also assume that g is a complete 
type over M^'^^ Let us now use the choice of q to define for each club -E of A a 
family of formulae associated with it, and to show that each of these families 
is inconsistent. We use the abbreviation c.d. for "the complete diagram of. 
For any club i? of A we define 

Te = c. d.{M)VJq{x) U {^(a^ <^r(a;,6)) : ieE.r a term of T*, 6 C Mi}. 

Clearly, for any club E, if Te is consistent then there is a model A^ in 
which r^; is realised. Identifying any h E M with its interpretation in A^ and 
letting a* be the interpretation of x from Te-, we can assume that A^ is an 
elementary extension of M in which q is realised by a*. As T* has Skolem 
functions, we have M -< N . Let A'^i be the submodel of A^ with universe 

A* = M U |J{r(a*,6) : 6 C M^ and r a term of T*}. 

Clearly, Ni is closed under the functions of T*, so M C A?"! C A^. As T* 
has Skolem functions, we get that M -< Ni -< N . By the third part of the 
definition of F^;, p is omitted. This is in contradiction with our assumptions, 
as a* G A''i realises q{x). 
Hence we can conclude 

for every club -E of A, the set F^; is inconsistent. 

Stage D. Now we start our search for a formula which exemplifies that T 
has the syntactical property from (c)a. In the following definitions, we shall 
use the expression "an almost branch" or the abbreviation a.b. to stand 
for a set linearly ordered by <^p (but not necessarily closed under <(p-initial 
segments and not necessarily unbounded). Let 



' 'd{x, y, z) : there is / = /^ < cu such that 
^ry M* |=T*,aG M* ,c 
'd{a,y,c) is the union of < / a.b. inM*''^' 



el^* = { for every M* \= T*,a e M* ,c C M*, the set 
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and let O^* be the set of all 'd{x; y, z) of the form \J j^n^j{x^ yj, Zj) for some 
{}q, . . . dn-i G ©ji. (where y = {yj : j < n) and z = 'J^n^j)- The formulae in 
Qt* will be called candidates. For every candidate 

i^{x,y,z) = y i^j{x,yj,Zj) 

j<n 

and a ■^/'-formula a{x,t), we consider the following game c)n,cr,i? (whose defini- 
tion also depends on our fixed p, q and M), played by two players 3 and V. 
The game starts by 3 playing 6° from 's(zo)]^^^ then V playing ao < A. After 
that 3 chooses f3o E (ao, A) and b^ G 's^^i^M such that 6° G '^(^o)^^^^ after 
which V chooses cti < A etc., finishing by 3 choosing 6"~^ G 's{zn-i)j\^ ^nd V 
choosing «„-!, while 3 chooses Pn-i G (ftn-i, A) such that 6"^^ G '^'•^""^''Af0^_^. 
Player 3 wins this game iff for some e G 's®M we have 

a(x,e) G gand M h (Va:)[CT(a;,e) ^ ^(x, (a^o, . . . , a^„_,), ^„6'')]. (®i) 

(Note: the constants a^^ are from the set {ai : i < A} we chose above.) 
Observe that every sequence {ao, . . . a„_i) G "A is an admissible sequence of 
moves for V. 

We shall show that for some n > 1 and a, i}, player 3 has a winning 
strategy in the game o)„,o-,^, where {} = \J j^n'^j as above. As these are 
determined games, it suffices to show that for some n > 1 and o", -d, player V 
does not have a winning strategy. Suppose that this is not the case, arguing in 
(7i(x), G, <*, M,p, g), where x is large enough and <* is a fixed well ordering 
of 7i(x) • Fix for a moment (n, o", d) . Player V has a winning strategy in ^n,a,-di 
which, replacing the ordinals ai by constants flo,,, can be represented by a 
sequence of functions G^^^^.q for / < n (in (7i(x), G, <*, M,j9, g)), where for 
/ < n, if the play up to time / has been 6o; ck;o?/5o; • • • ,C(i-i,Pi-i,b'', then 
G^ cr i9 applied to this play is Oq, for the ai in the choice of player V. We shall 
assume that these functions are the <*-first which can act in this manner. 
Using this and elementarity, we notice that for every n, a, i) the values of 
^ncri? ^^^^ place in M, and that 

Eo = {6<X: (Va,^)(Vn)(V/ < n)[M n Skolem(„(^),,,^,Gt,_^,,)(^<5) = Ms]} 

is a club of A (as |T*|, ||Mj|| < A for all i and M is increasing continuous). 
Let E = acc{Eo). Consider now the set F^;. It is contradictory, so there is a 
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finite subset of it wliicli is contradictory. Hence for some no,ni,n2 < oo and 
formulae Qi^di) {I < no) from the c.d.(M), formulae o"fc(a;, Ck) {k < rii) G q{x), 
ordinals 5o < . . . < 5„2-i G -E, a sequence (6^^ : j < n2, 1 < Ij) with hji C Ms- 
and terms {tj^i : j < n2,l < Ij) of T*, the following is inconsistent: 

l<no k<ni j<n2,l<lj 

As 01 come from the c.d.(M) and q{x) is a complete type over M^'^\ we may 
assume that uq = 1 and ni = 1. Note that we must have n2 > 1 and that 
there is no loss of generality in assuming that bj^i = bj for all / < Ij for j < n. 
We shall omit the subscript from g, d, a, e. Let n = n2 and let us define 
i9j{x,yj,Zj) for j < nby 

i^j{x,yj,Zj) = y Vj <^ Tj^i{x,Zj), 

and let d = \J j^n'^r ^o^^ that for each j we have that dj G ©5^*, as <^p is 
a tree order. Hence -i? is a candidate, (t(x, e) G g(a:), and since M |= Q[d] we 
have 

M h (Vx) [a(a:, e) ^ Y ^^. (x, a^^. , 6, )] . (*) 

Now we consider the following play of o)„,o-,i?- Let 3 choose b^. Recall that 
bo C Msq. The strategy G^^.^ of V yields an ordinal a^. By the choice of 
Eq we have ag < ^o and feg ^ ^Sa-, so we can let 3 choose /?o = ^o- Let 3 
choose 6i and then let V choose ai according to the strategy, etc. At the end 
of the play, player V should have won (as he/she used the supposed winning 
strategy), but clearly (*) implies that 3 won, a contradiction. 

Stage E. We conclude that (for our A, M,p, g), for some o", d and n > 1 
the player 3 has a winning strategy in the game Dn^o-,^, call it St. Let us fix 
n = n*,a,{}, and St and use them to get the syntactical property from item 

(c)a. 

For any a = (ao, . . . ,a„_i) G ""A, we can let (^"tfc^ ^Qr(fc+i) - k < n) he 

the sequence of moves that 3 plays by following the winning strategy St in a 

play in which V plays a, as the dependence is as marked. Let i? be a club of A 
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such that a k <n and Oq < • • • < "fe-i <S e E, then 5(°o,...,"fe-i> ^ isiSj)Ms. 
(Such a club can be found by a method similar to the one used in Stage D). 
Renaming the Mj and aj's, we can without loss of generality assume that 
E = X. For a G "A let e" be such that: 

j<n 

Notice that a is a formula in the language of T. We shall show that a, 
together with a conveniently chosen sequence of Cj^'s, exemplifies the property 
from (c)a. The proof now proceeds similarly to the proof of Main Claim |1.13| . 
Namely 

Lemma 3.7 There are sequences 

{N,: r,e^>\),{hr,: r/ G ^>A) 

such that 

(i) h^ is an elementary embedding of Mi^(r]) into ^t* with range N^^, 

(ii) V <rj =^ hy C /i^, 

(iii) for a 7^ /? < A and r^ G '^^A we have 

(iv) N^^ n Nn^ = Nnonm for all r/o, '7i- 
Proof of the Lemma. This Lemma has the same proof as that of Main 



Claim |1.13| . In the notation of that proof, ignore 65. . When defining T use 

r = u„<Ar^ u u„<Ar;^ u r4 u r+, 

where F^ = {xq ±^ Xq : a j^ (3 < X} and Fq , Ff and F4 are defined as in 
the proof of Main Claim 1.13| , allowing for the replacement of ^^^2 by ■^^A by 



using {x" : a < A} in place of {x^,x^}. Assumptions on Fq,F^ and F3 are 
analogous to the ones we made in that proof. Fact |1.16| still holds, except 



that we drop the last set from the definition of r{x). The rest of the proof 
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is the same, recalling that the branch induced by {oj : i < A} is undefinable 
in M. •Il 

Stage F. For rj G '^A, let hr, = Ua<\hri\a- Let g^ = hrj{q), hence each g^ is 
a consistent type. For fj = {rjQ, . . . , ?7„_i) and ?7o<i. . ■<rin-i with /g(?7j) = Oj+l, 
let e/= V_,(e<"0'-""-i>). 

Suppose now that r^ G '^A is given, and consider the set 

{(j{x, Cfj) : f] = {r] \ (ao + l),. . .r] \ (a„_i + 1)) for some ao < . . . a„_i < A}. 

This set is a subset of g^, and is hence consistent. This proves property (a) 
from (c)a. For (jS), let m be large enough and g : "'-m -^ ^^ X he as in the 
statement of (/?). For p G "m let Cg^ = e(g(pfi),...(,(p)) (note that this is always 
defined). We shall now show that the set 

{a(x,egj : pe "m} 

is inconsistent. Suppose otherwise, so let d G Ct* realise it. For each p G "m, 
let rjp E ^X ^ g{p) and let a^ = {a^, . . . , a^_i) satisfy lg{g{p \ k)) = a'^ + 1 
for A; < n, so for each k < n we have 5f(p \ {k + 1)) = rjp \ (a^ + 1). Now we 
have that for each p G "m 

(i) a(x,e<,J = (T(a;,/i^^^^(„p_^+i)(e°'')) G g^^ \ a^^(x) 

(ii) ^r?p h (Va;)[a(x,e<,J ^ ^(a;, (/ir,p(v^ri), . . . /ir,^(a^5P)),^^^/i^^(6°^'))] 
(hence the same holds in C^t*), 

(iii) 

■(?(x, (/l^^(a^^ptl), . • •/?-r,p(a^^'')),j^nV(^"'')) ^ 



V ^i(^' ^'?p(V"*'+'')' V(^"')) 



j<n 



for our '(9o, • • • ^n-i- 

For each p G "m let j(p) < n be the first such that 
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holds. Let /* = max{/o, • • • , ln~i}- 

As m is large enough, there are po, . . . , pi* G "'m such that j{ps) =3* for 
all s e {0, . . . ,p}, while ps \ j* is fixed and Ps{j*) 7^ Pt{j*) for s 7^ t < /*. 
(We use that there is a full ^*~^^-n subtree t* of "-m such that for all 
p G t* n "?7i we have j{p) = j*. Choose ps belonging to t* and splitting 
at the level j*). In particular, a^" = ao, . . . , a?^_i = aj*-i is fixed, and so is 
Kps \ ^a*+i' but 



J 



(?(ps) f {ctj*-! + 2) for s < r are incomparable in A. (**) 



Let a = aP°. 



gptCi+i) 



For each p G "?7i and k < nwe have that 6" G Mq,p (by the choice of 



E), so in particular b" G M^p^ , and hence /ij^p^ {b" ) is a fixed b* . By the 
choice of d and definitions of j*, /* and Qt*, there are s ^ t <l^„ < I* such 
that /ir;p^(a„aPsru*+i)) and hrjp^{a^pt\w+i)) are on the same almost branch. 
Now note that for all p we have a^piu*+i) G M pnj*+i) \ M pi(j*+i) and 

/?""'" "^' > a^.. Hence /ir,p,(a^^P.ro*+i)) and /i,,^^ (a^^P* ro*+i)) are incompara- 
ble, by property (iii) in Lemma |3]^, a contradiction. This shows (/?) from 
(c)a, hence we have finished the proof of (a)A =^ (c)a- "AO 



Question 3.8 (1) Are the implications in Main Theorem ^^ actually equiv- 
alences? 

(2) Are <* and <** equivalent? 

(3) What is the connection of the property in (c)a with the NSOP hierarchy? 
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